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Abstract 

We solve the quantum constraints for homogeneous N=l supergravity on 3- 
geometries with a Bianchi IX metric. Because these geometries admit Killing vectors 
with the same commutation relations as the angular momentum generators, there 
are two distinct definitions of homogeneity. The first of these is well-known and has 
been shown by D'Eath to give the wormhole state. We show that the alternative 
definition of homogeneity leads to the Hartle-Hawking "no boundary" state. 

PACS numbers: 98.80.H , 04.65 



Minisuperspace models have attracted interest for a long time as a useful testing 
ground for new ideas on the many unresolved questions in quantum gravity |l|, ^, 
^. Recently a variety of minisuperspace models have been shown to admit simple 
super symmetric extensions 0, ^ ||, ^ ||, Q and it appears that many of these can 
be derived from a full supergravity theory by dimensional reduction of the classical 
theory § §. 

A slightly different approach is to start with the supersymmetry constraints for 
full supergravity and then to consider only homogeneous configurations of the met- 
ric and the fields. This approach has been used recently by D'Eath to quantise 



Bianchi IX cosmologies [110] (see also D'Eath showed that if the components 



of the Rarita-Schwinger field in an invariant basis are required to be spatially con- 
stant, then the supersymmetry constraints can be solved by a wormhole state but, 
surprisingly, not by a Hartle-Hawking state. 

This result is puzzling, as it calls into question the existence of a Hartle-Hawking 
state for homogeneous = 1 supergravity. The aim of this letter is to solve this 
puzzle. We will show that the existence of a Hartle-Hawking state depends on the 
ansatz used for the fermion fields; specifically, on whether the spinor components 
have the same or opposite sign at antipodal points of the spatial 3-manifold. 

The spatial 3-geometry in Bianchi IX models is homeomorphic either to 5*0(3) 
or to its double covering SU(2) ~ S^. The second choice is necessary if we seek a 
homogeneous Hartle-Hawking state since SU{2) (unlike S0{?>)) can be continuously 
shrunk to a point within some smooth 4-manifold. 

Identifying points in with matrices U G SU{2), the symmetry transformations 
for homogeneous geometries can be represented by mappings U ^ UB^ where B e 
SU (2). A field (p can be said to be homogeneous if it is invariant, up to the action of 
some locally- acting group, under these transformations; in other words, if it satisfies 



where Rb is some representation of the matrix B e SU{2). 

The most obvious definition of homogeneity arises from the trivial representation, 
in which Rb — 1 for all S e SU{2); this choice leads to D'Eath's ansatz, in which all 
fields have constant components. However another choice is possible, since physical 
fields carry a representation of the group of spatial rotations which are themselves 
represented by elements of SU{2). An alternative definition of homogeneity can 
thus be obtained by choosing i?^ to be the rotation represented by the matrix B 
(or by matrices obtained from B by unitary transformations). 

The distinction between the two kinds of homogeneity is clearest in the case of 
a spin- 1 field x on 5^. Instead of requiring x to have constant components when 
referred to an invariant dreibein (i.e. a dreibein invariant under the diffeomorphisms 
U >—>■ UB^), we can demand that Ux should be constant on S^. 

For our purposes, it will be useful to obtain a differential version of the new 
homogeneity condition. The spatial 3-geometry of the Bianchi IX model admits 
three Killing vector fields Kp and three invariant 1-forms u:^ satisfying 

while the 3-metric has the form h — hpqUJ^ ® Gj^. The components of h in the 
invariant basis can be written as 

hp, = e^^^O/O/ 

where the diagonalising matrix Og" satisfies the orthogonality condition 

5^^0/0/ = 5'^^ detO^l. 

Apart from inversions and relabellings of the axes, there is a unique matrix O and 
a unique set of scale parameters (3a corresponding to a given 3-metric h. 

The three scale parameters /3a represent the physical degrees of freedom of the 
3-metric. On the other hand, the three degrees of freedom contained in the matrix 



O are pure gauge, and are associated with the group of diffeomorphisms generated 
by the three KiUing vector fields dual to the 1-forms a>^. By taking the matrix O 
to be fixed, we eliminate these unphysical degrees of freedom. 

We can now identify a preferred Lorentz frame in which the axes of the dreibein 
coincide with the main axes of the metric tensor; in this special gauge the dreibein 
consists of the three 1-forms 

e« = e\6jP, e% = e'^-Op". (1) 

We will work exclusively in this preferred frame, thereby eliminating the gauge 
degrees of freedom associated with Lorentz transformations. 

In the classical theory, the 3-geometry is embedded in a 4-dimensional spacetime 
equipped with a vielbein consisting of four 1-forms which we take as 

(')e° = Ndt, (')e" = e%{u}P + N^dt) (a = 1, 2, 3). 

We are entitled to impose a coordinate condition on the lapse function N, in addition 
to the three we have already imposed by fixing the matrix O. Together with the 
three scale parameters (3a, the components A^^ of the shift vector then account for 
the six physical degrees of freedom of the 4-metric. Note however that the wave 
function is independent of and the variables A^"^, and so these do not appear in 
the quantum theory which we consider here. We are therefore interested only in the 
intrinsic geometry of the spatial 3-manifold, which is fully described by the dreibein 
e". 

In the preferred Lorentz frame, the new homogeneity condition for an arbitrary 
field defined on the spatial manifold has the form 

i^K> = -^(^KX)C'/J> 1,2,3 (2) 

where iKpOj'^ denotes the interior product of Kp with cD^, and i?Kp is the Lie deriva- 
tive along Kp. (The dreibein is invariant under the action of the Kp and so i^Kp does 



not contain a spin connection The J"^ generate physical rotations of (j) about 
the axes defined by the 1-forms and obey the standard commutation relations 

These relations and the orthogonality of the matrix O ensure that the new homo- 
geneity condition is integrable and admits non-trivial solutions. 

Condition @) implies that (j) rotates through an angle 27r relative to an invariant 
frame as one follows a path between antipodal points on . In particular, this 
means that the components of any homogeneous spinor field will have opposite 
signs at antipodal points. 

Since the operators appearing on both sides of obey the Leibnitz rule, it is 
clear that products of homogeneous fields will themselves be homogeneous. The 
3-metric h is also homogeneous since £-Kph = = Jqh. 

Of particular interest in supergravity is the spatial part ip^ = ip^"'e^ of the 
spin-| Rarita-Schwinger field which appears in the quantum supersymmetry con- 
straints. Introducing local coordinates on the 3-manifold, with uj^ = u^idx^, the 
homogeneity conditions for the components ip^"" can be written as 



We use here the two-component spinor notation|T^, in which the Infeld-van der 
Waerden symbols af,"^^' represent the components of the matrices -^t^- 

We now determine the form of the quantum supersymmetry generators for = 1 
supergravity subject to these conditions. Rewriting the fields in terms of the local 
coordinate basis as ip"^ = ip^idx^ and e"" = e°'idx^, and defining e^^' i = aa^^' e'^i, 



these generators have the form[13, 14 



and 



SA = D,—— + --—-r\D 



3 . 



where = Svr and -Dj denotes the torsion-free spatial covariant derivative. An 
expression for the kernel ji is given in 

Supersymmetry imposes on the wave function \I^(e^'^'i, ■j/'^j) the constraints 

'Sa>^ = = Sa^. 

Together with the angular momentum constraints, these ensure that all the re- 
maining constraints of the theory are also satisfied. For the mini-superspace model 
discussed here, it will be enough to consider the zero-fermion state, which is annihi- 
lated by the operators -^pr. and whose wave function \E'o therefore depends only on 
the 3-geometry. 

For this state, the Sa constraint is satisfied automatically. Following D'Eath 
IIIOII , we evaluate the other supersymmetry constraint subject to the homogeneity 
conditions. After some algebra, the 5*^/ constraint may be rewritten as 

s:sr„,.A , nnr „ a_ BB' x „i.A \ ,t, „i.A '^^0 



- detK] -CAA's^^'^^'r + ^e^^'esA'pO^V.^^ = irV'^ 



where e^^' pUj'^i = c^^'j and ■ip'^pUJ^i = i^^i- Here we have introduced a parameter 
A which is 1 for our ansatz (Q), and which vanishes for the ansatz used by D'Eath. 
We note that both terms in the bracket of eq. (j^) have been combined in the single 
term proportional to A. 

Cancelling the factors of ip^r which appear on both sides, and integrating over 
the whole of we obtain 

/t^ (9(ln|^0|) l.^2l^^ ^rs.i^^pqr^ n^^BB'. \ 

If the dreibein has the form given in (|l|) then this expression can be integrated to 
give 

^0 = const X exp [-vr (e^^^ + e^^^ + e^'^^ - 2\e'^'^'^^ - 2Ae^2+'^^ - 2Ae^3+/3i^] _ (^4) 



For A = this is the solution first given in DTsf and and later derived in |T0 



and ||TT[ by the same technique as used here. The A = solution is now commonly 
referred to as the wormhole state, as its exponent defines a Euclidean Hamilton- 
Jacobi action which gives rise to Riemannian 4-geometries which are asymptotically 
fiat but become singular as the scale parameter exp(/3i + /?2 + Ps) approaches zero 
P!7| . The latter property forbids the interpretation of this solution as a Hartle- 



Hawking state, as noted by D'Eath [p!0|j . 

On the other hand, our new homogeneity condition corresponds to the choice A = 
1. In this case our solution (^) has all the features of a Hart le- Hawking state. (This 
solution has been previously obtained from an = 2 supersymmetric extension 
of the bosonic Wheeler DeWitt equation for Bianchi IX minisuperspace [^.) In 
particular, when restricted to the isotropic case Pi = P2 = = ^0 grows with 
a like exp(37re^") which is a well-known feature of the Hartle-Hawking state in 
isotropic Bianchi IX models 0. Furthermore, by using the exponent of (Q) as a 
Euclidean Hamilton- Jacobi action, one generates a 1-parameter family of 3-metrics 
on which remain regular for small scale parameters [0, [T^ . 

We note also that both states A = 0, 1 are normalisable for fixed a when in- 
tegrated over /?+ = + /?2 — 2/?3) and /?_ = (Pi — P2)/2\/3, thus allowing a 
straightforward probabilistic interpretation. 

Let us finally remark on solutions in the other fermion sectors. As was first 
shown for the Bianchi I model in |^ and later for Bianchi IX models with A = 
10, 0, the constraint of Lorentz invariance, automatically satisfied by \E'o which 



m 



depends only on the 3-geometry, rules out states in any but the empty and filled 
fermion sectors. The same must happen in the A = 1 case considered here. 

Turning to the wave function \E'/ in the filled sector, we can use the duality 
between particles and holes to conclude that \i>j ~ \E'q ^. Because the states \l/o are 



normalisable for fixed a, the states are not; they diverge for infinite anisotropies 
and must therefore be disregarded]^. 

In conclusion, we have shown that imposing the supersymmetry constraints for 
= 1 supergravity on Bianchi IX 3-geometries and spinors with the homogeneity 
property yields a unique quantum state with the properties specified by the 
no-boundary proposal of Hartle and Hawking. 
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